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Abstract

The conditional extremes (CE) framework has proven useful for analysing the
joint tail behaviour of random vectors. However, when applied across many loca-
tions or variables, it can be difficult to interpret or compare the resulting extremal
dependence structures, particularly for high dimensional vectors. To address this, we
propose a novel clustering method for multivariate extremes using the CE framework.
Our approach introduces a closed-form, computationally efficient dissimilarity mea-
sure for multivariate tails, based on the skew-geometric Jensen-Shannon divergence,
and is applicable in arbitrary dimensions. Applying standard clustering algorithms
to a matrix of pairwise distances, we obtain interpretable groups of random vectors
with homogeneous tail dependence. Simulation studies demonstrate that our method
outperforms existing approaches for clustering bivariate extremes, and uniquely ex-
tends to the multivariate setting. In our application to Irish meteorological data,
our clustering identifies spatially coherent regions with similar extremal dependence
between precipitation and wind speeds.
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1 Introduction

Extreme Value Theory (EVT) provides asymptotically justified models for estimating the
probability of events outside the range of observed values (Coles, 2001). EVT has found
broad usage in numerous, disparate domains, including finance (Poon et al., 2004), public
health (Vettori et al., 2019), neuroscience (Talento et al., 2025), and ecology (Koh and
Opitz, 2025). Environmental applications are one area which benefits from the use of EVT
methods, to estimate the severity of future extreme events and develop risk management
strategies. Examples include the analysis of heatwaves (Tanarhte et al., 2015; French et al.,
2019), extreme rainfall (Osei et al., 2021), wind speeds (Steinkohl et al., 2013; Soukissian
and Tsalis, 2015), wildfire risks (Koh et al., 2023), and the impact of environmental extremes

on insurance claims (Rohrbeck et al., 2018; Miralles and Davison, 2024).

In the multivariate EVT setting, one is interested in the joint tail behaviour of a random
vector. Multivariate extremes frequently arise in spatial applications, where one or more
variables are recorded at a discrete set of sampling locations. Within such settings, si-
multaneous or “concomitant” extremes, where multiple variables or locations concurrently
exhibit extremal behaviour, can produce substantially more severe outcomes than single-
variable extremes (Zscheischler et al., 2018; Bevacqua et al., 2021; Rohrbeck and Tawn,
2021; Sando et al., 2022). Consequently, joint risks may be underestimated unless tail
dependence is explicitly modelled (Zhang et al., 2024). The strength of tail dependence
between two random vectors is commonly summarised by the coefficient of asymptotic de-
pendence x € [0, 1] (see e.g., Coles et al., 1999). For two random variables X; and X, with

distribution functions F; and Fj, respectively, x is defined as

X = hﬂi x(u) = hml Pr{F,(X;) > u | Fy(Xy) > u}. (1)
uU— u—



When x > 0, the variables X; and X, are asymptotically dependent (AD), while y = 0
corresponds to asymptotic independence (Al) between X; and X,. Although x is a useful
summary of pairwise extremal dependence, it does not fully characterise the multivariate
}ail dependence structure or support inference on joint exceedance probabilities, for which

a full probabilistic model is required.

We consider a setting with D random vectors, X,,...,Xp, of equal length d, but with
potentially different joint tail behaviours. For instance, we may observe environmental
variables (e.g., rainfall and wind speed) that exhibit non-stationary extremal dependence
with respect to their sampling index or location: this could be time, or a fixed spatial
location. Interest then lies in understanding the variation in tail behaviour across the D
vectors and, where feasible, to pool information to reduce estimation uncertainty. However,
we have limited tools for identifying random vectors which exhibit similar tail behaviour. To
this end, we leverage the multivariate conditional extremes (CE) framework of Heffernan
and Tawn (2004), which is a popular and flexible model for multivariate extremes, to
propose a novel clustering algorithm for multivariate extremes. To illustrate the efficacy
of our approach, we consider a motivating application with variables observed at D spatial
locations (see Section 4), but our method is more broadly applicable to other fields, e.g.

finance, where clustering multivariate extremes is of interest.

Heffernan and Tawn (2004) described the tail behaviour of a random vector conditional
on one of its components being extreme, i.e. exceeding a suitably high threshold. This
framework can flexibly capture both AD and AI, and is both conceptually simple and
computationally efficient. Spatial and spatio-temporal extensions have been developed to
handle high-dimensional data (Simpson and Wadsworth, 2021; Wadsworth and Tawn, 2022),
and adaptations that incorporate covariates, hierarchical structures, and mixtures have
further increased the models’ flexibility (Richards et al., 2023; Tendijck et al., 2023; Talento

et al., 2025). As a result, CE models have seen widespread application in settings where Al



as well as AD may be prevalent, including river flow and flood risk (Gilleland et al., 2013;
Jane et al., 2020), rainfall (Richards et al., 2022), sea-surface temperatures (Simpson et al.,
2023; Kakampakou et al., 2024), heatwaves (Winter et al., 2016), neuroscience (Guerrero
et al., 2023; Talento et al., 2025), and finance (Hilal et al., 2014). The broad applicability
of CE models makes them well-suited to our motivating example. However, the scarcity
of joint extreme observations, particularly in high dimensions, and the number of model

parameters, often results in high uncertainty in estimates of the CE model.

Clustering is a popular tool in the extremes literature, where data sparsity and low sample
sizes provide a natural motivation, and we distinguish three types of extremal clustering
methods. Univariate methods group data by marginal tail behaviour, often through sum-
maries such as return levels or parameter estimates (Coles, 2001), and have been used
in environmental and financial applications (Alonso et al., 2014; de Carvalho et al., 2023;
Zheng et al., 2023). Spatial methods cluster entire spatial fields or partition the spatial do-
main via pairwise tail dissimilarities, such as the F-madogram (Cooley et al., 2006; Bernard
et al., 2013), or by fitting non-stationary extremal dependence models (Carreau et al., 2017;
Rohrbeck and Tawn, 2021; Dupuis et al., 2023; Shao et al., 2025). Finally, multivariate
methods cluster on joint tail summaries or fitted multivariate extremal dependence mod-
els. Vignotto et al. (2021) consider clusters of bivariate extremes of precipitation and wind
speeds across spatial locations in Great Britain and Ireland. Their nonparametric approach
estimated pairwise Kullback—Leibler (KL ) (Kullback and Leibler, 1951) divergences for bi-
variate precipitation and wind extremes (see Zscheischler et al. (2021)) and then applied
the k-medoids algorithm. However, their method is restricted to the bivariate case and,
being non-parametric, lacks a generative model for tail dependence inference. Also, it
is undefined where no joint extreme events are observed, which can occur frequently in

environmental applications, where Al is prevalent.



We address the limitations of existing methods by developing a clustering framework for
multivariate extremes that leverages the CE framework. This enables flexible, parametric
exploration of tail dependence in arbitrary dimensions, in contrast to the existing non-
parametric approach of Vignotto et al. (2021), and overcomes the data sparsity issue often
associated with drawing interpretations from fitted CE models. Many classical models and
clustering frameworks assume AD (Vignotto et al., 2021; Boulin et al., 2025), but recent
literature argues that AD models are inappropriate for environmental data (Opitz, 2016;
Dawkins and Stephenson, 2018; Huser et al., 2024). Our clustering method can flexibly
handle both AD and Al. Using the working Gaussian modelling assumption of Heffernan
and Tawn (2004), we define a closed-form divergence measure for CE models which permits
clustering using traditional similarity-based algorithms. Our clustering approach delivers
a unified and statistically principled tool for exploratory analysis of multivariate extremes,

facilitating the identification of groups with similar tail dependence.

The remainder of this paper is structured as follows. Section 2 introduces our novel dis-
similarity measure for multivariate CE models, via the skew-geometric Jensen-Shannon
divergence (JSG*) of Nielsen (2019), and we further illustrate its use for clustering of
multivariate extremes. Section 3 provides a simulation study where we demonstrate that
our approach outperforms the clustering method of Vignotto et al. (2021). In Section 4,
we apply our clustering framework to Irish meteorological data, and identify sites with
similar tail dependence between precipitation and wind speeds. Section 5 concludes with a
discussion of our findings, the limitations of our method, and potential avenues for future

work.

2 Methodology

In this section, we introduce our clustering framework. Section 2.1 provides background

on the conditional extremes (CE) model of Heffernan and Tawn (2004) and Keef et al.



(2013). Section 2.2 defines the setup for our clustering model and describes how inference
is performed. In Section 2.3, we describe our novel dissimilarity measure for multivariate
extremes, which uses the skew-geometric Jensen-Shannon divergence to efficiently quantify
dissimilarity between fitted CE models. Finally, in Section 2.4, we outline how to perform
clustering using this dissimilarity measure, and provide practical advice on choosing the

number of clusters.

2.1 Background to multivariate conditional extremes

Like many other models for extremal dependence (see, e.g., Davison and Huser, 2015),
the conditional extremes framework of Heffernan and Tawn (2004) is defined for data
on standardised margins, which ensures that differences in marginal scale do not affect
estimation of the dependence structure. As introduced in Keef et al. (2013), a pragmatic
choice of margins for CE models is standard Laplace, as it allows for modelling of both
positive and negative dependence. Let X := (X, ..., X;) € R? be a d-dimensional random
vector representing observed data with marginal distribution functions F X, Fx, We
apply the probability integral transformation to transform X to a random vector with
standard Laplace margins, denoted by Y := (Y7, ...,Y;) € R%. Formally, for i = 1,...,d,

log {2Fx (X,)} for X; < F'(0.5),
Y = ‘ ' (2)

Z —log [2{1— Fx (X,)}], for X, > F5'(0.5).

i

Let Y_; :== Y\Y; € R¥! denote Y with its i*" component removed, for i € {1,...,d}.
With all operations below taken component-wise, Heffernan and Tawn (2004) assumed
that there exist parameter vectors oy; := {aﬂi tj € {1,...,d}\i} € [~1,1]7! and

B = {ﬁﬂi cjedl, .. ,d}\i} € (—o0,1]471 such that, for fixed z € R,

VB

(2

Y —o.Y;
P —gz,Yi—u>y‘Yi>u — G|;(z) exp(—y) asu—o0, (3)



where the distribution function G|, (z) is non-degenerate on z € [—oo, oo)dil. Equation (3)
implies that, in the limit as uw — oo, the excesses Y; — u and the standardised residuals
i

Z; = Yi_’B‘i (Y_Z- — a|iY> are independent.

Assuming that the limit in Equation (3) holds exactly for a large threshold uw, > 0 gives

the heteroscedastic regression model
(Y_; | YVi=y) =y + ?J'B”Z\ia for y > u,, (4)

with residual vector Zj; ~ G|;. The parameter vector ay; describes the strength of extremal

association between components of Y _,

7 T

and the conditioning variable Y;, while 8); deter-
mines the spread induced by large values of Y;. Some special cases (for j € {1,...,d}\i) of

the CE model are: a;; = 0 and 8

4o = 0, which imply asymptotic independence between

Y; and Y}, corresponding to x = 0; a;; = 1 (1) and 8

i ;i = 0, which corresponds to

positive (negative) asymptotic dependence, and —1 < «,;;; < 1, which suggests asymptotic

jli
independence between Y; and Y;, with the strength of extremal dependence weakening with

2.2 Framework and model inference

In our motivating spatial application, we consider a CE model that varies across sites and
across conditioning variables, i = 1,...,d. To denote spatial variation, we include the
additional subscript s € {1, ..., D}, where D is the number of spatial locations, so that Yis

denotes the variable Y; observed at site s. This leads to a spatial extension of Equation (4),

with site-specific random vector Y := (YLS, ,Ydﬁ) € R?, and, for i =1, ..., d,

<Y—i,s | }/z‘,s = Z/) = a\i,s Y+ yﬂ‘i’s Z|i,37 Yy > uz’,sa (5)



where Y_; ;==Y \Y, ,,and ev; , By; 5, Zy; s ~ G, 5, and u, ¢ are the site-specific analogues
of the regression parameters, residuals, and exceedance threshold in Equations (3) and (4).

Note that we do not assume spatial smoothness in this regression model.

As a working assumption that permits inference on e, ; and B; ;, we follow Heffernan
and Tawn (2004) and assume that the residual vector Z; ; in Equation (5) is multivariate

(d—1)x(d—1) for

Gaussian with mean vector p; , € R41 and covariance matrix Y;s €R
1=1,....,dand s = 1,..., D. This working assumption is the key to deriving a closed-form

divergence measure for computationally efficient clustering; see Section 2.3. It follows that

T
(Yf’i,s | Yvi,s - y) ~ MVNdfl (a|i,sy + yﬁ‘i’sy’\i,sa (yﬁ‘i’s) Z|z',sy'B‘i’s> , Y>> ui7s7 (6)

where av; o, B; 5: Hj;, s 2)i,s are the site-specific parameters for the i*h conditioning variable,
1=1,....,d,s=1,...,D. To compare tail dependence across different random vectors Y, at
different sites s, we compare the conditional distributions in Equation (6), i.e., the assumed

multivariate Gaussian distributions parameterised by ov; o, B; 5; Hj;, s and Xy, .

We estimate parameters ov; 5, B); o5 Hj;,s 2i,» for each conditioning variable ¢ =1, ..., d and
site s = 1,..., D, using maximum likelihood estimation. In practice, we set the threshold
u; ¢ = u; to the ¢ standard Laplace quantile for all s, as this is required to build a

symmetric divergence measure for clustering (see Section 2.3). Choosing ¢ involves the
classic bias-variance tradeoff: ¢ must be sufficiently low as to leave enough excesses above
u,; for reliable estimation, but high enough to reduce bias induced when the asymptotic
arguments in Equation (3) are not satisfied. To pick ¢, we use threshold stability plots
and assess the stability of parameter estimates at different thresholds (Southworth and
Heffernan, 2012). Using the bootstrap procedure of Heffernan and Tawn (2004), we obtain
standard errors for parameter estimates at each site and choose the highest value of ¢ such

that the estimates are stable and the standard errors are reasonably small across sites.



2.3 A divergence measure for multivariate conditional extremes

There are several qualities we desire from a divergence measure based on the conditional
distribution in Equation (6): (i) the measure should be non-negative and (ii) symmetric
so that it can be interpreted as a distance (Vijendra and Laxman, 2015); (iii) the measure
should have an upper bound, as large divergences can lead to numerical instability during
clustering (Thiagarajan and Ghosh, 2025); (iv) it should be cheap to compute, which we

provide through a closed-form solution for our divergence.

Nielsen (2019) introduced the skew-geometric Jensen-Shannon divergence (JSGA ), which
is a generalisation of the Jensen-Shannon (JS) divergence (Lin, 1991). Specifically, we use
the dual form of the JS% divergence (Deasy et al., 2020), which is defined between two

continuous (d — 1)-variate distribution functions, say H and H*, as
IS (H|H*) = (1= \) KL{G,\(H, H")|H} + \KL{G,(H, H*)|H"}, (7)

where G, (H,H*) = Hlf’\(H*)/\ is the weighted geometric mean of H and H*, with
A € [0,1], and KL (H|H*) is the Kullback-Leibler (KL ) divergence between H and H*,

given by

KL (1) = [ hiy)los (51325 ) dy, ©

where h and h* are the continuous density functions of H and H*, respectively. In our con-
text, we replace H and H* by the conditional multivariate Gaussian distributions induced

by the CE framework at two different sites, say s and s*; see Equation (6).

The weight A skews the geometric mean G, (H, H*) towards H as A — 0 (and towards H*
as A — 1). One possible advantage of specifying A is that we can design our divergence
measure to place more weight at sites s with more reliable CE model fits, as determined
by, for example, the effective sample size. In this paper, we set A = 0.5 throughout, as all

sites have the same number of observations in both our simulations and case study.



For two multivariate Gaussian distributions, the KL divergence in Equation (8) has a
closed-form solution (Duchi, 2007). The JSH divergence exploits the property that the
(weighted) product of two distributions from the same exponential family is proportional
to another member of that family, and hence, after normalisation, is itself an exponential-
family distribution (Nielsen, 2019). It follows that G, (H, H*) is multivariate Gaussian, and
so the KL divergences in Equation (7) are available in closed-form. Hence, the principle
advantage of the JSE divergence is that it has a closed-form solution for multivariate
Gaussian distributions. Its computational efficiency (Nielsen, 2019) has led to its use in
several applications, including clustering, deep learning, variational inference, and remote
sensing (Nielsen, 2019; Deasy et al., 2020; Ni et al., 2023; Thiagarajan and Ghosh, 2025).
For two multivariate Gaussian distributions H ~ MVN(m, Q) and H* ~ MVN(m*, Q) in
RY with mean vectors m, m* € R? and covariance matrices €2, Q* € R%*?, Nielsen (2019)

showed that the JS» divergence introduced in Equation (7) has the closed-form solution

G * 1 TO—-1 #\T (O =100 * TO—1 |Q|1_>\|Q*|>\
JS (HHH):§ (1-2AMm " Q7'm+ A(m*)" ()" m* —m, " Q'm, + log T )
A
m, =, {(1 -2 'm+ X\(Q*) 'm*}, and
—1
Q,={1 =N+ X))} . 9)

Finally, the JS®* is bounded above by JS* (H|H*) < 3 max{\, 1 — A}J(H|H*), where
the Jeffreys’ divergence J(H|H*) = KL (H|H*) + KL (H*||H) is simply the sum of the

forward and backward KL divergences (Nielsen, 2025).

Now, suppose that for a specified conditioning variable i € {1,...,d}, we have fitted the
CE model at two different sites, s and s*, and we want to compare their induced extremal
dependence (i.e. the joint tails of Y, ; and Y, ..; see Equation (6)). Using the JSE* diver-

i,8%)

gence in Equation (9), we define the conditional skew-geometric Jensen-Shannon divergence

10



(cJ S?gs) between two sites s and s*, conditional on the i-th variable being extreme, as
G, G,
CJSi,s,s* <y> = JS (Hi,s<y>||Hi,s* <y>) 9 ) > Uy, (10)

where H; ((y) and H; ..(y) are the conditional (d—1)-variate Gaussian distributions at sites
s and s*, respectively; see Equation (6). Equation (10) has a closed-form expression: from
Equation (6), this can be derived by substituting, into Equation (9), the conditional param-
eters m, (y) = o, Y70 g M (5) = 0 gy 120 e, Q) = (1P00) 5 0P,
and Q. (y) = (yﬂ\iaS*)T E|i75*yﬁ\i78*, and

-1

T -1 T —1

2(y) = {A {@WPe) Zuapfoe )+ =2 {(pPerr) By pfoe | ] :
T -1

m, (y) = 2\(y) [A {(y"‘“) Eu,syﬁ“’ﬁ} TR ST

T —1
+(1—=X) {(yﬁ‘“*) Eu,s*yﬂ“d*} o Y+ yﬁf’s*ui,s*] :
The CJSSSA’S*(y) depends on y > wu;, the value of the corresponding conditioning variable.
Therefore, to obtain a single measure of dissimilarity between the CE models at the two

sites s and s* for the i-th conditioning variable, we define the expected divergence

eJSE

1,8,8*

=E (CJSGA (Yis) | Yis > ul)

= (IS0 (Vi) | Vi > ;)

1,8%,8

:/ CISE L (hy | Yoy > up)dy, (11)

where h(y | Y; ; > u;) is the conditional density of Y; ;| (Y; ¢ > u;). We here exploit our
standardised Laplace margins and note that h(y | Y; ; > u;) = h(y | Y; o > u;) for all 5, 57,

ensuring symmetry of our dissimilarity measure.

We estimate the integral in Equation (11) using Monte Carlo methods. In practice, very

large values of Y; ; can lead to unstable estimates, and we want to avoid extrapolating

11



beyond the range of the observations of Y; ; used to fit the CE model. Hence, we truncate
the limits in integral (11), so that the upper limit is the 99th percentile of the empirical
distribution of Y; ; pooled across all sites.

Gy

ie.s for all pairs of sites (s,s”) and for each conditioning

We evaluate the pairwise eJS

variable i € {1,...,d}. These are then collected in a dissimilarity matrix:

(1’) = GX
M <eJS%s,s*>s,s*= D) (12)
where D is the total number of sites, and ¢+ =1, ..., d.
If desired, we can aggregate the d dissimilarity matrices M, ..., M@ into a single dissim-

ilarity matrix M by taking, for example, their element-wise average, i.e.

M =

SHES

d
> M. (13)
i=1

This aggregated matrix M, or the individual matrices M®), are then used as input to
a clustering algorithm, which we describe in Section 2.4. Aggregating allows us to pool
information across multiple comparisons and forms of information, and is supported in the

extremal clustering literature (Mornet et al., 2017).

2.4 Clustering of multivariate extremes

We perform clustering on the dissimilarity matrices M, i = 1, ..., d, or on the aggregated
matrix M, defined in Equations (12) and (13), respectively. As in Bernard et al. (2013) and
Vignotto et al. (2021), we use the Partitioning Around Medoids (PAM) algorithm, which
is a variant of the popular k-medoids algorithm of Rousseeuw and Kaufman (1987). For
each cluster ¢ = 1,..., k, k. € {1, ..., D} denotes its medoid index, and €. C {1, ..., D} the
set of site indices assigned to cluster c¢; the medoid site is the location with index x,. For

the dissimilarity matrix M®, a brief description of the algorithm is as follows:

12



Algorithm 1 Partitioning Around Medoids (PAM) algorithm using the eJSE divergence.

1: Input: dissimilarity matrix M® € RP*P number of clusters k

2: Output: Cluster assignments €y, ..., €, medoid indices kK = (kq, ..., Kj)

3: Initialise: choose k distinct medoid indices {kq,...,K,} € {1,..., D} uniformly at
random.

4: repeat

5: Assignment: Assign each vector index s € {1,..., D} to its closest medoid in terms

of eJ§9 (see Equation (11)), i.e.

. _ . G
assign s to €., where ¢ = arg ming e eJS; 5k,

6: forc=1,....,k do
7 Update: Update medoid index to minimise intra-cluster dissimilarity, i.e.
K = argmin ZqGCc eJSS;’q.
8: > Break ties by choosing the smallest index.
9: end for
10: until no observation changes cluster assignment
11: return Cq,...,C, K

The PAM algorithm takes a single hyperparameter, the number of clusters, k. We follow
Thorndike (1953) and use the total within-group sum of squares (TWGSS) to select k. We
find in our simulation study (Section 3) that this method correctly identifies k. Specifically,
we define the TWGSS as

k
TWGSS(k) =Y > eISi2, (14)

c=1s€eC,,

where eJ SSQ,HC is the dissimilarity in Equation (11) evaluated for site s and the medoid site
k. of cluster ¢, ¢ = 1, ..., k. We plot TWGSS(k) against k and select the optimal number of
clusters as the value of k£ beyond which additional clusters yield only negligible reductions

in TWGSS, corresponding to the “elbow” of the curve (Hastie et al., 2009).

3 Simulation study

We illustrate the performance of our multivariate extremal clustering approach across mul-
tiple simulation studies. Clustering accuracy is evaluated using the adjusted Rand index
(ARI) of Hubert and Arabie (1985). Unreported experiments showed that the TWGSS

method correctly identified k, and so we proceed with k fixed to the true number of clus-

13



ters. In Section 3.1, we generate data from a Gaussian copula for which the parameters of
the CE model are known (Keef et al., 2013). This allows us to verify that our clustering
approach reduces estimation uncertainty and to investigate the sensitivity of the results to
the choice of conditioning threshold. Section 3.2 extends the study to mixtures of Gaussian
and t-copulas. For the bivariate case, we compare our clustering approach to that of Vig-
notto et al. (2021), while we also show how our method can be applied in higher dimensions

and for more complex dependence structures.

3.1 Gaussian copula setting

We consider a setting with d = 2 variables observed at D = 12 sites. Data are generated
independently across sites from a Gaussian copula. For sites s = 1,...,12, we sample 1000
observations of (X ., X, ) from a bivariate Gaussian distribution with mean zero and
covariance matrix whose off-diagonal elements p¢, .. € [0,1] serve as site-specific corre-
lation parameters. We then apply the transformation in Equation (2), with Fx(-) being
the standard normal distribution function, to obtain (Y7 ,Y; o) with standard Laplace

margins.

The sites are assigned to one of three latent clusters of equal size, based on pg, . As a
proof of concept, we choose well-separated values to ensure clear clustering. Specifically,
the first cluster, comprising sites 1 to 4, has correlation p¢, . = 0.1,s = 1,...,4; the
second cluster has p¢, .. = 0.5, for s = 5,...,8; and the third cluster has p¢, . = 0.9,
for s = 9,...,12. Keef et al. (2013) showed that the corresponding parameters of the CE
framework are o; = (Piauss)’ and B;=1 /2,1 = 1,2, implying asymptotic independence

between Y) ; and Y, ..

At each site s = 1,...,12, we estimate the CE model in Equation (4), with conditioning
threshold u; as the standard Laplace ¢g-quantile for ¢ = 0.9 and ¢ = 0.99. Pairwise dissimi-

larities between each site are computed using the expected divergence in Equation (11), and

14



we average over both conditioning directions, ¢ = 1,2, to obtain a single dissimilarity mea-
sure (see M in Equation (13)). Clusters are identified using Algorithm 1. We repeat this
procedure 500 times, with performance assessed by comparing finite-sample CE estimates

to the asymptotic truths.

Figure 1 shows boxplots of the estimated model parameters stratified by the true values of
Plauss: The results are shown pre- and post-clustering, with the latter derived by pooling
data across all sites according to their estimated clustering (which was always correct in
this setting). By pooling data across sites, we reduce estimation uncertainty for both @
and B‘Z-. Bias, as defined as the difference between the finite-sample estimate and the
true theoretical parameter, and variance decrease with increasing p¢,,, . indicating faster
convergence to the asymptotic model under stronger dependence. We observe the expected
bias-variance tradeoff in the choice of quantile for the CE model, with the higher quantile

(¢ = 0.99) yielding less bias, but with higher variance.

3.2 Mixture model setting

We extend our simulation design to mixtures of Gaussian and Student t-copulas (Demarta
and McNeil, 2007), which induce asymptotic independence and asymptotic dependence,
respectively, and whose dependence strength is determined by their respective correlation

parameters pg,.. and p; € [0, 1].

To obtain a sample of size n = 1000 from the mixture copula, at each site s = 1,...,12,
we combine n/2 = 500 samples from the Gaussian copula described in Section 3.1 (with
correlation parameter p¢, ..), and n/2 = 500 observations from a Student ¢-copula with
3 degrees of freedom and correlation p{, before applying the Laplace transformation in

Equation (2) to obtain the pairs (Y] g, Y5 ;) at site s.

In Section 3.2.1, we compare our method to the leading extremal competitor in the bivari-

ate case (Vignotto et al., 2021) and, in Section 3.2.2, we show how our approach uniquely
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Figure 1:  Boaplots of estimates of ov; (top) and p); (bottom) for the conditional extremes
model pre- and post-clustering with bivariate Gaussian data simulated at 12 sites, belonging
equally to three known clusters. The x-axis gives q, the level of the conditioning quantile
used to fit the model, and the boxes are coloured by the true Gaussian copula correlation
parameter, pauss- Lhe horizontal lines indicate the true theoretical values of a); and B\w
with the colours for «; corresponding with the true pg,,, values.

handles clustering of multivariate extremes in higher dimensions (d > 2). Finally, Sec-
tion 3.2.3 considers a setting with D = 60 locations across three unequally sized clusters,
and locations in the same cluster exhibiting perturbations in their correlation parameters.

Performance is evaluated using the ARI, with 500 replicated experiments per setting.
3.2.1 Comparison to Vignotto et al. (2021)

When d = 2, we compare our extremal clustering method to that of Vignotto et al.
(2021). We generate n = 1000 observations at D = 12 sites, using the mixture of
Gaussian and t-copulas (with Laplace margins), as described above. Two clusters of
sites s = 1,...,6 and s = 7,...,12 are defined with different values of p{. We set
pi = py, for s = 1,...,6 and pf = py, for s = 7,...,12, while p¢,, . is the same for
both clusters. We consider a range of extremal dependence scenarios defined over a grid

of values (P8, € {0.1,0.2,..., 1.0}, pf, € {0.1,0.3,...,0.9}, p, € {0,0.2,...,0.8}). We es-
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timate the CE model using ¢ = 0.9, and clusters were obtained using the aggregated

dissimilarity matrix M in Equation (13).

The results are shown in Figure 2. Across the range of considered bivariate extremal de-
pendence structures, our method consistently outperforms that of Vignotto et al. (2021).
Both methods have high ARI when the cluster-wise difference in p{ is larger, since greater
disparity naturally makes clusters more distinct and clustering easier. Both methods per-
form better when the Gaussian and t-copula correlations are higher. This may be because
the Gaussian copula becomes more similar to the t-copula for higher values of pq, s, thus

allowing the clustering approach to focus on differences in the t-copula.
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Figure 2:  Comparison of our conditional extremes-based approach and the method of
Vignotto et al. (2021). The z-axis represents the Gaussian correlation parameter pcyusss
with facet labels indicating the t-copula correlation parameters, p, and p, , for the two
true clusters. The smoothed lines show the average ARI across bootstrap samples, for both
methods, with smoothing performed using a generalised additive model.

3.2.2 Extension to higher dimensions

While the method of Vignotto et al. (2021) is restricted to d = 2 dimensions, our approach
can be extended to d > 3 variables. To illustrate this, we extend the simulation study of

Section 3.2.1 by simulating at D = 12 locations, with two equally-sized clusters of sites
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each with n = 1000 observations per site, but now for d = 3 variables, using the same grid
of (PGausss Pt,» Pr,) Values as in Section 3.2.1. Our mixture copula now has three dimensions
(with all pairwise correlations equal), and we fit three CE models at each site. Clustering is
performed using the aggregated divergence matrix M from Equation (13). The results show
that our proposed method performs well for d = 3, with the same patterns in ARI emerging
as in the bivariate case in Section 3.2.1. In fact, performance is markedly stronger in three
dimensions than in two. This is not surprising, as the CE fits in this setup are similar
in both two and three dimensions, with the same p{ being used across all variable pairs.
Therefore, the aggregated matrix M in Equation (13) is computed similarly, just averaged

over more models with more data, which naturally improves clustering performance.
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Figure 3:  Comparison of clustering performance for d = 2 and d = 3 variables and two
equally-sized clusters. The z-axis represents the Gaussian correlation parameter pagyuss for
both clusters, and the facet labels show the t-copula correlation parameters, Py, and py , for
the two true clusters. The smoothed lines show the average ARI across bootstrap samples,
with smoothing performed using a generalised additive model.

To further illustrate the performance of our method in higher dimensions, we consider a spe-

cific case from the grid where p, = 0.4 and p, = 0.5. This setting presents a challenging
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clustering scenario in both two and three dimensions, as the cluster-wise difference in the
t-copula correlation parameters is small. Figure 4 displays the results when the dimension-
ality of the copula mixture is increased from d = 2 to d = 5, based on 500 simulations across
all considered pq,,. values. Cluster accuracy improves steadily with dimension, reaching
values close to 1 across all pg,,. Settings when d = 5. These gains should be interpreted
cautiously, since as mentioned above we use the same p;{ across all variable pairs, thus not
altering the pairwise extremal dependence structure and instead increasing the amount of
data as d increases. Having separate p; values for each variable pair would increase the
complexity and signal-to-noise ratio of the clustering task, and likely reduce performance.
Nevertheless, the results demonstrate that the proposed method scales effectively to higher

dimensions and performs well in multivariate settings.
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Figure 4:  Fwvaluation of clustering for d = 2 to d = 5 wvariables and two equally-sized
clusters for simulations at 12 sites from a mixture of Gaussian and t-copulas. The t-copula
correlation parameters for each true cluster were set to p, = 0.4 and p, = 0.5. A sequence
of values are considered for the Gaussian correlation parameter pgguss, @S represented on
the x-axis. The smoothed lines show the average ARI and associated uncertainty across
bootstrap samples, with smoothing performed using a generalised additive model.
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3.2.3 Extension to more sites

We now design another simulation study to better mimic the structure of the Irish meteoro-
logical dataset, to be analysed in Section 4. Data are generated at D = 60 sites, each with
n = 1000 observations of d = 2 variables, using the mixture of Gaussian and t-copulas. The
60 sites are partitioned into three unequally-sized clusters of 10, 20, and 30 sites. At each
location, the true p; is perturbed by adding Unif(—0.05,0.05) noise, making the clustering
task more challenging. We now have a separate t-copula correlation parameter for each of
the three clusters, denoted by p; ,p; , and p; . To reduce the dimensionality of the grid
of considered copula parameter values, a constant pg,.c = 0.5 is used across all sites and

experiments.

The results of 500 repetitions of this simulation study are shown in Figure 5. Similarly to
the previous simulation studies, our clustering method performs well, particularly when the
differences in t-copula correlation parameters between clusters are larger. For example, the
best performance is observed where p; = 0.9, p;, = 0.1, and p;, = 0.5, as the clusters are

most distinct, while conversely, performance is worst for py, = 0.6,p,, = 0.4, and Py, = 0.5.

4 Application to Irish meteorological data

We now apply our extremal clustering method to meteorological observations from the
Republic of Ireland. In Section 4.1, we describe the precipitation and wind speed mea-
surements used in our analysis and present exploratory analysis (using the x statistic from
Equation (1)) on the extremal dependence between the two variables. In Section 4.2, we
discuss fits of the conditional extremes (CE) model, and, in Section 4.3, we apply our

extremal clustering approach.
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Figure 5: Evaluation of clustering performance for d = 2 variables and three clusters of 60
locations for simulations from a mixture of Gaussian and t-copulas. The true z-axis and
facet labels show the t-copula correlation parameters, Pt P, and P, for each of the three
true clusters, for a Gaussian copula correlation of paauss = 0-5. The smoothed lines show
the average ARI across bootstrap samples, with smoothing performed using a generalised
additive model.

4.1 Ireland meteorological data

We analyse the joint extremal behaviour of precipitation and wind speed at D = 59 sites
across the Republic of Ireland from 1990 to 2020, inclusive. Precipitation and wind speed
data are obtained from the Met Eireann archive (Met Eireann, 2025), and ERA5 Reanalysis
(Copernicus Climate Change Service (C3S), 2024), respectively. Met Eireann data are ir-
regularly spaced over space, while ERA5 provides spatial averages on a regular 0.25° x 0.25°
grid. We match each spatial site to the grid cell in which it lies. The dataset spans 11,323

consecutive daily observations.

We focus on the winter months, October to March, following Vignotto et al. (2021). Pre-
cipitation are aggregated into weekly sums, and daily wind speed maxima are aggregated
into weekly averages. This weekly temporal scale reflects the typical lag between extreme

precipitation and wind speed during storm events (Bengtsson et al., 2009), and reduces
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Figure 6: Left: elevation (m) profile of Ireland. Right: Estimated x(0.95) between precipi-
tation and wind speed at all 59 locations. Darker colours and larger points indicate stronger
asymptotic dependence. Locations in red are (1) Malahide Castle, Dublin, (2) Ringsend,
Dublin, (3) Glenmacnass, Wicklow, (4) Kilcar, Donegal, and (5) Derryhillagh, Mayo.

short-term temporal dependence not accounted for in our model. Weeks with no precipita-

tion are excluded, resulting in 5,022 observations across all D = 59 sites.

We explore the extremal dependence structure of the data using the x statistic introduced
in Equation (1). Figure 6 shows empirical estimates of x(0.95) at all 59 sites. An elevation
profile of Ireland is also shown in Figure 6, which may help further explain some of this spa-
tial structure. Non-zero values are observed at almost all sites, indicating positive extremal
dependence between precipitation and wind speed. In practical terms, this suggests that
extreme wind speeds tend to be accompanied by high precipitation, and vice versa. A clear
spatial pattern emerges: extremal dependence is strongest in the south west, with the high-
est values along the Atlantic coast, notably in counties Kerry, Galway, Mayo, and Donegal,
and weaker along the east coast, in Dublin, Wexford, and Louth. The highest x(0.95)
value (0.414) is observed at Derryhillagh in Mayo (Figure 6, location (5)), while the lowest

(0.0005) is at Malahide Castle in Dublin (Figure 6, location (1); hereafter ‘Malahide’).

Some spatial outliers are also apparent. Kilcar in Donegal (Figure 6, location (4)) has
a relatively low x(0.95) value (0.109), despite its west-coast location, while some sites in
county Wicklow show unusually high values for the east, particularly Glenmacnass (Fig-

ure 6, location (3); 0.268). The latter may be related to the influence of the Wicklow
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Mountains, as reflected in the elevation profile (Figure 6). It may be of interest to in-
vestigate if these outliers in x(0.95) are reflected in the CE model parameter estimates,
and whether clustering can identify them. These results indicate distinct regional patterns
of extremal dependence, as well as notable outliers, motivating the use of our extremal

clustering framework to characterise and interpret this spatial structure more formally.

4.2 Conditional extremes estimates

We transform the precipitation and wind speed data, separately at each location, to Laplace
margins, with the empirical rank transform replacing F'y in Equation (2). To select an
appropriate quantile level ¢ for fitting the CE model (see Section 2.1), we estimate the pa-
rameters (04\2'7 5”) at a sequence of levels ¢, to identify the lowest ¢ beyond which parameter
estimates appear stable. Estimates are generally stable for both models, i.e., precipitation
conditional on wind speed and vice versa, down to ¢ = 0.85, with similar maximum like-
lihood estimates across 500 bootstrap samples for (a‘i, B‘i). Threshold stability plots for
the CE fits at the five locations highlighted in Figure 6 are included in Figures S3 — S7 of
the supplementary materials. Therefore, we fix ¢ = 0.85 for the subsequent analysis. In
Figure 10, we show that our estimated extremal clustering is robust to the choice of ¢, with

estimates shown for ¢ = 0.85,0.88, and 0.90.

The estimated site-wise CE parameters are shown in Figure 7. Although interpretation is
challenging due to variability in the estimates, as with the x(0.95) estimates (Figure 6),
we observe some evidence of increasing cy; values for both variables towards the west and
south. To mitigate uncertainty and aid interpretation, we cluster the locations using our

extremal clustering approach.

4.3 Clustering

We cluster the locations using the aggregated dissimilarity matrix M as defined in Equa-

tion (13), and separately for each individual matrix M®) i = 1,2, as in Equation (12). The
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Figure 7: Maps of site-wise estimated model parameters «; ; (top) and B,  (bottom) for
precipitation conditional on wind speed (left) and wind speed conditional on precipitation
(right). The colour scale is the same for both variables, with darker red and larger points
indicating larger positive values of o and B, and darker blue and smaller points indicating
smaller negative values.

number of clusters k is chosen via the method in Section 2.4, using the elbow plot of the
TWGSS. For all three clustering scenarios, clear elbows are observed at k = 3. The elbow

plots are provided in Figure S1 of the supplementary materials.

The resulting cluster estimates are displayed in Figure 8. Across all three choices of dissim-
ilarity matrix, the estimated clusters are broadly consistent, with three spatially distinct
groups emerging. This spatial coherence is notable given that no explicit spatial informa-
tion was used in model fitting or in the clustering, suggesting that the CE model parameters

capture meaningful spatial structure in the extremal dependence of the data.
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When interpreting the clusters, we observe a clear contrast between the east and west
coasts, separated by a central cluster. For precipitation conditional on wind speed, the
clustering is somewhat less distinct, with the central cluster extending more extensively
into parts of Galway, Mayo, and Donegal on the west coast. There are also notable outliers

in the clusters, which we further discuss below.
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54.5°N
54.0°N
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52.5°N

52.0°0N{"

51.5°N

Figure 8: Extremal cluster estimates using the dissimilarity matrix for wind speed con-
ditional on precipitation (centre), precipitation conditional on wind speed (right), and the
combined dissimilarity matriz (left). Sites are coloured by cluster label.

In Figure 9, we visualise the dissimilarity matrix for the aggregated clusters (see left panel
of Figure 8). The clusters are quite distinct, with the dissimilarity between clusters being
much larger than within-cluster dissimilarity, which rarely exceeds 0.01. In particular,
the difference between the eastern and western clusters is quite pronounced, with the
intermediate central cluster acting as somewhat of a ‘buffer’ between the two. In contrast,
the western and central clusters seem to be quite close, in that we observe many small
inter-cluster pairwise dissimilarities between them. This indicates that allocation between
the two is not always clear-cut and for several sites is nearly interchangeable, as observed in
the variable-specific estimated clusters in Figure 8 and in the quantile sensitivity analysis
in Figure 10, where membership between the two often switches. Also, if we only fit two
clusters, we find that most of the central cluster members are assigned to the western cluster,
reflecting this less obvious separation between the two compared to the more markedly

different eastern cluster. A noticeable outlier in the dissimilarity matrix is Malahide, which
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Figure 9: Heatmap of the estimated aggregated dissimilarity matriz M. The names of each
site are coloured and ordered according to their estimated cluster labels, matching that of
Figure 8. The dissimilarity colour scale is shown on the right, with darker colours indicating
larger values.

we previously identified as having the lowest x(0.95) value in Figure 6. Even within its own
cluster, Malahide shows a relatively high dissimilarity to the other sites. Indeed, if we set
k = 4, Malahide becomes its own cluster (clustering results for k = 2 and k = 4 are provided
in Figure S2 of the supplementary materials). Malahide also has the lowest mean weekly
precipitation of any site; the second lowest is Ringsend, also in county Dublin (Figure 6
location (2)), which is the site closest to Malahide in terms of our dissimilarity measure.
Finally, Malahide has very low x(0.95) (Figure 6) and «; (Figure 7) estimates. Together,
this may explain why we observe such outlying behaviour for Malahide. Finally, Kilcar in

County Donegal is the member of the eastern cluster with the smallest dissimilarity to the
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western cluster members. This may reflect its geographic location in northwest Ireland,

despite it’s low x(0.95) value (Figure 6) relative to other west-coast sites.
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Figure 10: Estimated extremal clusters with the conditional extremes model parameters
estimated at ¢ = 0.85,q = 0.88 and q = 0.9 quantiles, using the aggregated dissimilarity
matriz. Sites are coloured by cluster label.

We perform a sensitivity analysis of the estimated clusters (with the aggregated dissimilarity
matrix) to the choice of quantile level ¢ € {0.85,0.88,0.90}, in Figure 10. The estimated
clusters are similar across the three values of ¢, with some small differences. Noticeably,
the earlier identified outlier at Kilcar in county Donegal is assigned to the eastern cluster
when ¢ = 0.85 and ¢ = 0.90, but to the central cluster when ¢ = 0.88. Also, there are more
sites in the western cluster when ¢ = 0.85, with some sites moving to the central cluster
for ¢ = 0.88. Interestingly, some of these sites then move back to the western cluster for
g = 0.90. Apart from these observations, the estimated clusters are generally quite similar
across the three quantile levels, and so we conclude that our clustering method is relatively

robust to the choice of quantile level.

5 Discussion

In this paper, we introduced a novel method for clustering multivariate extremes. We
proposed the expected conditional J gGx divergence (Nielsen, 2019) as a measure of dissim-

ilarity between multivariate conditional extremes (CE) models (Heffernan and Tawn, 2004).
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We leveraged the commonly-applied working Gaussian assumption to derive a closed-form
expression for the J g4 divergence. Efficient k-medoids clustering was then performed on
the dissimilarity matrix derived from this measure. In our simulation study, a bivariate
Gaussian copula example illustrated that our clustering method reduces parameter uncer-
tainty and bias when the CE model is re-fitted with data pooled post-clustering. Using
mixtures of Gaussian and t-copulas, we showed that our method outperforms the method
of Vignotto et al. (2021) across a range of bivariate extremal dependence scenarios. Our
method was also shown to be uniquely extendable to d > 2 dimensions. We applied our
extremal clustering method to Irish meteorological data, consisting of 59 locations with
weekly rainfall and wind speed observations. Without explicitly incorporating spatial in-
formation, three clusters with distinct spatial patterns were identified, with well separated

clusters representing the east and west coasts and the centre of Ireland.

While we focused on a spatial application in this work, our method is more generally
applicable to any setting where clustering of multivariate extremal dependence is desired.
For instance, it could be applied to clinical trial or public health data to cluster patients
based on the tail dependence structure of their symptoms or biomarker measurements. A
neuroscience application was explored in Talento et al. (2025), where the CE framework was
used to highlight differences in the tail dependence of electroencephalogram (EEG) signals
for seizure-prone and seizure-absent subjects. However, they used pre-defined clusters.
Hence, we may expect our approach to be useful in similar applications, to identify subjects
who have undergone extreme brain events, e.g., seizures. In financial applications, we could
cluster time periods according to the extremal dependence of log-returns of different assets,

offering potential insights for portfolio management and risk assessment.

While the residual Gaussian assumption on which our method relies may not hold for all
datasets, our clustering approach showed good performance for all settings in Section 3. A

possible alternative is to employ the generalised and asymmetric multivariate Gaussian dis-
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tribution used in Farrell et al. (2025). While this does not permit a closed-form divergence,
our extremal clustering method could still be used, with costly numerical techniques used
to estimate the dissimilarity matrix. Indeed, if choosing to forgo this Gaussian assumption,
it may be preferable to use the standard Jensen-Shannon divergence in place of the J e

divergence, since the former is bounded (Thiagarajan and Ghosh, 2025).

Another important limitation of our method is in its treatment of uncertainty. We do not
propagate uncertainty in the CE model estimates through to the clustering. To account for
this, one possible approach is to use the bootstrap method of Heffernan and Tawn (2004)
to generate samples of CE model estimates, and compute our dissimilarity matrix for each
sample. We could then produce a distribution of dissimilarity matrices, and use these
to compute a distribution of estimated clusters. However, this would be computationally
expensive, and so would compromise one of the main advantages of our method, namely

its computational efficiency.

In this work, we implicitly assume spatial stationarity in the extremal dependence struc-
ture, as we fit a separate CE model at each location. Extensions of the CE model have
been proposed, such as those incorporating covariates (Richards et al., 2023) and spatio-
and spatio-temporal representations of the CE parameters (Simpson and Wadsworth, 2021;
Wadsworth and Tawn, 2022). These could be incorporated into our clustering framework,
but care must be taken to ensure that the residual Gaussian assumption still holds, or
that an appropriate alternative dissimilarity is used, as discussed above. Another approach
to dealing with the uncertainty in the clustering solution would be to adopt a Bayesian
perspective. By placing priors on the CE model parameters, we could obtain posterior
distributions for these parameters, which could be used to compute a distribution of dis-
similarity matrices and clustering solutions. Approaches such as that of Rohrbeck and

Tawn (2021) have used a Reversible-Jump MCMC scheme to perform Bayesian cluster-
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ing for spatial extremes, which does not require the number of clusters to be specified in

advance.
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